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We calculate the critical temperature as a function of doping using a BCS formalism and a mean field approach to the annealed 
diluted quasi-two-dimensional antiferromagnet. We find reasonable agreement with the experimental data of Torrance et al. on 
La2_~Sr~CuO4. 

It has become increasingly appreciated that the 
strong antiferromagnetic coupling between in-plane 
Cu atoms in most of  the high-temperature super- 
conductors is not merely fortuitous [ 1-4 ]. However 
a coherent understanding of exactly how the mag- 
netic interactions influence the observed supercon- 
ductivity has been elusive. 

Here we focus on the prototype compound, 
La2_xSrxCuO 4 ( " 2 - 1 - 4 " ) .  We present calculations 
suggesting that the BCS parameter 2 scales with the 
effective strength of the magnetic interactions, and 
that these weaken with progressive dilution. In par- 
ticular, we show that this decrease of magnetic in- 
teractions produces the characteristic decrease of the 
curve Tc(x) with x, where 0 < x < 2  is the number of 
ferromagnetic bonds per plaquette. 

We begin by considering the BCS equation in the 
weak coupling limit [ 5 ], 

ksTc=Atoce (-I/;t) [Ooe<EF] . ( 1 ) 

Here o9c is a characteristic frequency which plays the 
role of a cutoff in the BCS equation and which also 
sets the energy scale, Ev is the Fermi energy and A 
is a constant with order of magnitude unity. Here 
2 = N ( 0 )  V, where N(0)  is the density of states at the 
Fermi level and V is the strength of the pairing in- 
teraction. In ordinary BCS theory, where the elec- 
tron-phonon interaction is responsible for pairing, 
o9c is the Debye frequency COD. 
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If fOD~102 and e x p ( - 1 / 2 ) ~ 1 0 - 1 - 1 0  -2, then 
Tc ~ 1-10 K. Thus an electron-phonon interaction is 
not expected to produce T¢ of the order of  10-100 
K. 

If  mechanisms other than the electron-phonon in- 
teraction are present, however, co¢ may be larger than 
the Fermi energy EF. In this case, the cutoff in ( 1 ) 
would be replaced by EF [2,6]. For two dimensions 
we can use the expression 

xh 2 
EF= - ~ - p ,  (2) 

where p=p(x) is the carrier density and m* is the 
effective mass. Thus ( 1 ) becomes 

kBT~=AEFe -~/'~ [mc>EF] . (3) 

There is considerable experimental evidence [2 ] 
that T~p(x), so from (2) Tc~Ev. In 2-1-4, EF is 
of the order of 103 kB, so if e x p ( -  1/2),,, 10 -~ to 
10 -2, then T~ ranges between 15 and 150. Thus, if 
~o~ is larger than Er, an explanation for the HTSC 
phenomenon could be given by the BCS equation 
(3). 

It is becoming increasingly believed that magnet- 
ism can play a dominant role in the pairing mech- 
anism [ 1-4 ]. Due to the large antiferromagnetic in- 
teraction JA ( ~  1300 K) between nearest neighbor 
Cu ions, it is plausible that the characteristic fre- 
quency should be larger than E~. Hence (3) should 
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apply. Indeed, eq. (3)  has been used in ref. [4] to 
calculate To(x). Specifically, ref. [4] assumes 
V(x)=Vo e x p ( - r o /~ (x ) ) ,  where ~(x) is the cor- 
relation length. Ref. [4]  then advances arguments 
for choosing ro = 6A and interprets experimental data 
to justify the choice ~(x)=3 .8 /x /%.  When (3)  is 
compared with experimental data, the agreement is 
encouraging. Here we take a different approach. Spe- 
cifically, we consider annealed magnetism instead of  
quenched magnetism, since superconductivity oc- 
curs only in the metallic phase. Second, we evaluate 
V(x) in terms of  the microscopic exchange inter- 
actions Jg and are instead of  the phenomenological 
form used in ref. [4] .  

We begin by partit ioning V into two terms, 
V =  V 1 "dl- V2, where V~ is related to the magnetic in- 
teractions and V2 is everything else (zero-point en- 
ergy, Coulomb interactions, etc. ). For simplicity, we 
assume 1/2 to be negligible [ 4 ]. The magnetic pairing 
interaction could be explained by assuming that the 
effect o f  doping the pure compound is to create a hole 
on the oxygen in the plane [ 3 ]. In the non-metallic 
region at small values o f  x, the hole is localized. Due 
to the presence of  this hole, the oxygen couples fer- 
romagnetically with two nearest neighbor Cu, with 
a coupling strength JF. Since JF>JA, the two neigh- 
boring Cu interact via an effective ferromagnetic in- 
teraction. This effective ferromagnetic interaction 
creates a polarization; as a consequence, two holes 
can attract each other via a dipole-dipole interac- 
tion, where the strength o f  the interaction is pro- 
portional to Jg [ 3 ]. 

AS X increases, the concentration o f  the ferromag- 
netic bonds increases. This results in a decrease of  
the effective antiferromagnetic interaction Jeff be- 
tween neighboring Cu. Since the polarization de- 
creases when Jerr decreases, the holes become more 
mobile as x increases. When a threshold Xc is reached, 
the system becomes metallic and therefore super- 
conductivity can set in. Although the dipole-dipole 
interaction was for the non-metallic region where the 
holes are localized [ 3 ], in the metallic region we as- 
sume that two holes still interact via a potential pro- 
portional to the effective interaction Jeff. To calcu- 
late Jeff in the metallic phase, since the holes are free 
to move, we cannot require that they be localized and 
therefore the annealed [ 7] approach is more appro- 

priate, so we start with the Hamiltonian for a single 
bond, 

.,~j = JF ta( S, + Sj ) + J A S, Sj , (4) 

where t = 0  or 1 depending on whether a hole is pres- 
ent or not. 

We first consider the case where a, S~ and Sj are 
Ising spin variables. Since the temperatures involved 
are low, we use a mean field approximation for which 
t is substituted with its mean field value p, where 
0 < p <  1 is the density of  holes per bond - so x--2p.  

To obtain Jeff, we sum over the a variables, 

y. e -p'v', =Ae +pJ"sisj . (5) 
a 

Hence 

flJefr= 1 In cosh(2pflJv) +flJA. (6) 

Since the temperature that we will consider satisfies 
kT<<JF, JA, we obtain from (6) 

Jeff=pJF+JA= (p+ O~)Jv, (7) 

where Jg/Jv=-a. For an X Y  model using a small an- 
gle approximation, namely that the angle between St 
and $2 is close to the equilibrium value n, we obtain 
the same result. 

We need some idea of  the interactions involved. 
There is experimental evidence that these interac- 
tions are quite strong indeed, with I Jgl ~ 1300 K and 
JF even larger, with Ot=--JA/JF.~--0.36 [8].  Using 
the fact that V= C Jeff, where C is a constant, we have 

2 = C N ( 0 )  IJefrl • (8) 

In order to compare with experimental data on 
To(x), we must evaluate the Fermi energy EF. Using 
[9] m*=5me, where me is the electron mass, and 

p=x/[2ao2], where ao~ 3.8 A is the lattice constant, 
we find EF/kB = 3818x. Substituting this expression 
for the Fermi energy and eq. (8)  into eq. (3),  we 
finally obtain 

To= 3818x e x p [ -  1/CN(O)IJeffl ] • (9) 

If  we regard CN(O) as an adjustable parameter, 
we obtain the curve in fig. 1. Also shown are the data 
o f  Torrance et al. [ 10 ]. We note the curve could be 
improved if we take into account the insulator-to- 
metal transition which occurs at the value xc = 0.05. 
This can be accounted for either by assuming that 
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Fig. 1. Comparison between eq. (9) with m*= 5me and the ex- 
perimental data of  ref. [10]. The one adjustable parameter 
CN(O)JF is chosen to be 0.80. 

placed with eq. (3), and the mechanism for pairing 
is due to magnetism and therefore 2 is given by (8). 
In particular, we have assumed that the pairing oc- 
curs only in two-dimensional Cu-O sheets; a 
straightforward extension to three dimensions re- 
suits in qualitatively similar behavior of To(x). 
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the density of mobile holes goes appropriately to zero 
[4] as x~xc or by assuming that the mass m*--,~ 
at xc. In both cases, the calculated curve would go to 
zero at xc. 

There is also the 112 term that we have neglected; 
it should shift the value of x where Tc drops toward 
lower values. We note that the first part of the curve 
could also be explained by assuming that the pairs 
form bound bosons, which undergo Bose conden- 
sation. In this case Tc is still proportional to x, but 
the effective mass should assume a rather large value. 

Just as BCS does not pretend to explain low-Tc su- 
perconductivity exactly and for all materials, so also 
our extension of BCS theory does not pretend to ex- 
plain high-To superconductivity exactly. Our two 
main points are that eq. ( 1 ) of ordinary BCS is re- 
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