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ABSTRACT 

As appl ied to magne t i c  s y s t e m s  with t r i c r i t i c a l  points ,  the 
s m o o t h n e s s  pos tu la te  p r e d i c t s  cons tant  c r i t i c a l -po i n t  exponents  
along the second  o r d e r  po r t ion  of the phase  boundary .  We cons ide r  
h e r e  the behav io r  of the c r i t i c a l -po in t  expo~gnt Yst c h a r a c t e r i z i n g  
the s t a g g e r e d  su scep t i b i l i t y  Xst ~ [T-Tc(H) ]- Yst in two Is ing mode l  
a n t i f e r r o m a g n e t s  with t r i c r i t i c a l  points .  The ev idence  ind ica tes  
that  Yst r e m a i n s  5 /4  for  a wide r ange  of fields., and a p p e a r s  to ru l e  
out a cont inuous ly  changing index along the c r i t i c a l  l ine. 

In contrast to ferromagnets, antiferromagnets displaya phase 
transition which persists even in the presence of an external field 
H. The field serves to oppose the intrinsic antiferromagnetic 
ordering of the system, resulting in a line of critical points in the 
H-T plane T=Tc(H),with the critical temperature a decreasing 
function of H. One of the consequences of the "smoothness" postu- 
late posed by Griffithsl is that the critical indices characterizing 
the phase transition will not change as one moves down along the 

. . . . . .  J 

cmhcal line, at least for small crlhcal helds near the Neel point. 
In metamagnetic systems, however, it is observed that for 

low enough temperatures, the nature of the phase transition does 
in fact change drastically--the external field induces a first order 
rather than second order transition to the paramagnetic p-"p~se. 
Griffiths 2 called the point of changeover from second to first order 
behavior the "tricritical point" (TCP), and went on to suggest that 
such a point is a likely possibility for the breakdown of smooth- 
ness. 1 The TCP is the terminus of three critical lines and repre- 
sents a special symmetry point in the metamagnetic phase diagram 
spanned by H, T, and a staggered magnetic field Hst. Some re- 
ports of TCP exponents have been made for both real and model 
magnetic systems. 3-5 

Rapaport and Domb 6 applied series extrapolation techniques to 
test the smoothness predictions for a 2-sublattice Ising model anti- 
ferromagnet with nearest neighbor (negative) exchange only, uni- 
form with respect to lattice direction. The phase transition in such 
a "simple" antiferromagnet is expected to remain second order all 
the way to absolute zero. To study models with tricritical behav- 
ior, we have applied high-temperature series expansions to two 
different Ising model antiferromagnets which incorporate ferro- 
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magne t i c  i n t e r ac t ions  within each subla t t ice .  In the context  of these  
mode l s ,  the smoo thness  pos tu la te  p red ic t s  that  exponents  will s t ay  
the s ame  along the second o rde r  por t ion  of the phase  boundary,  and 
change d i scont inuous ly  at the TCP.  Of course ,  c lose  to the TCP 
c r o s s o v e r  effects  between the c r i t i c a l  l ine exponents  and the TCP 
exponents will  occur .  Once c lose  enough to the c r i t i c a l  l ine ,  how- 
ever ,  the c r i t i ca l  l ine exponents a re  p red ic ted  to dominate .  

Our ca lcu la ted  phase  boundar ies  for  the two Ising t r i c r i t i c a l  
models  and e s t i m a t e s  of t~ei r  r e spec t i ve  TCP suscep t ib i l i ty  expon- 
ents a r e  given e l s e w h e r e . "  In this  paper  we focus upon the behav-  
ior  of the exponent $st c h a r a c t e r i z i n g  the d ivergence  of the s t a g g e r -  
ed suscep t ib i l i ty  Xst along the c r i t i c a l  l ine,  

Xst ~ [T_Tc(H) ]-Yst (1) 

Our evidence  over  a wide r ange  of f ield va lues  H suppor ts  the 
smoo thness  p red ic t ion  that  Yst is independent  of H. Although it was 
imposs ib l e  to v e r i f y  this  a r b i t r a r i l y  c lose  to the e s t i m a t e d  TCP due 
to i n c r e a s i n g  i r r e g u l a r i t y  of the s e r i e s ,  we bel ieve that  our r e s u l t s  
cover  a su f f i c ien t ly  wide range  of f ie lds  to a rgue  convincingly  
aga ins t  a continuous va r i a t ion  of u along the c r i t i c a l  l ine.  

It is not s u r p r i s i n g  that  c l o s e r  to the TCP a f ini te  number  of 
s e r i e s  t e r m s  will begin to fai l  to r evea l  t rue  a sympto t i c  c r i t i c a l  
behavior .  A c lose ly  analogous,  and conceptual ly  s i m p l e r ,  s i tuat ion 
occur s  in the appl icat ion of s e r i e s  to s tudy c r i t i c a l  behavior  when a 
t h r e e - d i m e n s i o n a l  l a t t i ce  c r o s s e s  over  to a two-d imens iona l  la t t ice  
as the exchange p a r a m e t e r  l inking ad jacent  l a y e r s  goes to zero .  7 

The first tricritical Ising model treated has a Hamiltonian 

xy z 
Z s . s .  - J  ~ s . s .  -~H~s (2) 

X= -JxY(ij> i j z (ij> i ~ i i 

where the first sum is over nearest neighbor (nn) spins coupled 
within an x-y plane on the sc lattice, while the second sum is over 
nn spins coupled along the z direction. To simulate a metamagnet, 
we take J~ir>0 (ferromagnetic) and Jz<0 (antiferromagnetic). We 
generate lilgh-temperature series expansions to eighth order in 
inverse temperature for the two-spin correlation function; these 
series are exact in the external field. Fig. 1 shows estimates of 
Yst based upon ratio analysis methods applied to the series for X st 
for the parameter choice Jxy=l, Jz = -I. Represented are "i/n" 
sequences for several values of the variable h = uH/kBT , the natu- 
ral variable in which the field enters the expansions. The plots of 
Fig. 1 are actually determined from the series after a bilinear 
transformation on the original expansion variable is carried out in 
o r d e r  to mi t iga te  the effect  of osc i l la t ions  in the r a t i o  plots .  
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with Jx  =1, Jz = -1 along va r i ous  ~ = ~ H / k B T  paths .  The $s+(n}are 
ca l cu la t ed  f r o m  ra t io  method  on Xst s e r i e s  a f te r  t r a n s f o r m a h o n  
f r o m  expans ion  v a r i a b l e  8 = I / k B T  tb ~*=~/(1+1.55).  

The estimates in Fig. 1 for ?st are closely scattered on both 
sides of the smoothness postulate prediction of 5/4. The final two 
estimates for any h path fall in the range of I. 250• 025. To gauge 
the extent of the fields covered in this plot, we note that the h =. 5 
path corresponds to a critical field of i. 7 (in dimensionless units), 
to be compared with the maximum T=0 critical field of Z. Adding 
to the evidence that the exponent 5/4 indeed correctly characterizes 

�9 . . #' . o 

the behavior of X st in this range is the Pade approxlmant analysis 
carried out on the same set of series Each X-* series is raised to 
the 4/5 power ~and the dominant physlcal slngularlty located m the 
resulting Pad~ table. There is very good agreement between the 
critical temperatures given by the ratio method and those located 
by the Pad~ technique. Such consistency would not be expected if 
the Xstseries did not in fact diverge with a 5/4 power law. 

The second trieritical model has nearest neighbor antiferro- 
magnetic bonds and next nearest neighbor ferromagnetic bonds on 
the sc lattice. In an obvious notation, 
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nn nnn 
3.C=-J1 ]D s .s  -J2 ~ s . s . - ~ H ~ s .  

<ij> I j (ij> 1 3 i 1 
(3) 

with J1 < 0 and JZ > 0. Fig.  2 gives  e s t i m a t e s  fo r  Yst fo r  this  mode l  
with J1 = -1 and J 2 = + l / Z .  The s equences  h e r e  a r e ] 0 a s e d  upon a 
s l igh t ly  mod i f i ed  v e r s i o n  of the r a t i o  me thod  in which one f o r m s  
s e q u e n c e s  of l i n e a r  ex t r apo lan t s  of an o r ig ina l  se t  of e s t i m a t e s .  
As can be s e e n  f r o m  the r a t h e r  f ine sca l e  in Fig.  2, the f inal  e s t i -  
m a t e s  fo r  Yst a r e  e x t r e m e l y  c lose  to 1. 250. T h e r e  is s o m e  up- 
ward  c u r v a t u r e ,  but this is p r e s e n t  even in the h=0 sequence .  In 
z e r o  f ie ld  the s t a g g e r e d  su scep t i b i l i t y  will have  the s a m e  exponent  
as the un i fo rm suscep t i b i l i t y  in the c o r r e s p o n d i n g  f e r r o m a g n e t ,  
well  e s t a b l i s hed  to be 5 /4  fo r  the  t h r e e  d imens iona l  Is ing model .  

I I I' I' h --0.4 
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(n) Fig. 2. Sequences of estimates Yo+ vs. 1/n for Han~i~tonian (3) 
with Jl = -i, J2-- +1/2 along varioL~ h paths. The y ~s~)are a set of 
linearly extrapolated exponents. No bilinear transfoz;mation on 
the expansion variable ~ is necessary. 
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The plots c e r t a in ly  give l i t t le  indicat ion of Yst moving away f r o m  
5/4 to any s igni f icant  degree  for  the f ie lds  shown. In this  model ,  
the T=0 c r i t i c a l  f ie ld is 6, while the h = . 6 path c o r r e s p o n d s  to 
c r i t i c a l  f ield of 4.7.  Again, cons i s t ency  between ra t io  and Pade" 
e s t i m a t e s  for  the c r i t i c a l  t e m p e r a t u r e s  in this  r ange  (and s o m e -  
what beyond) is excel lent .  C lose r  to the e s t ima ted  TCP the r a t i o s  
on the X s e r i e s  give apparen t ly  dec reas ing  values  for  Yst �9 How- s 
ever ,  we ~ e h e v e  this  to be a spur ious  effect  which would riot be 
obse rved  if suf f ic ien t ly  longer  s e r i e s  were  avai lable ,  and conclude 
that  our overa l l  evidence suppor ts  the smoo thness  pos tu la te  p r e -  
dict ion for  both t r i c r i t i c a l  mode l s .  
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