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We obtain the critical parameters for the site-percolation problem on the square lattice to a
high degree of accuracy (comparable to that of series expansions) by using a Monte Carlo
position-space renormalization-group procedure directly on the site-occupation probability. Our
method involves calculating recursion relations using progressively larger lattice rescalings, b.
We find smooth sequences for the value of the critical percolation concentration p.(5) and for
the scaling powers y,,(b) and y,(b). Extrapolating these sequencés to the limit b — oo leads to
quite accurate numerical predictions. Further, by considering other weight functions or "rules"
which also embody the essential connectivity feature of percolation, we find that the numerical
results in the infinite-cell limit are in fact "rule independent." However, the actual fashion in
which this limit is approached does depend upon the rule chosen. A connection between extra-
polation of our renormalization-group results and finite-size scaling is made. Furthermore, the
usual finite-size scaling arguments lead to independent estimates of p, and y,. Combining both
the large-cell approach and the finite-size scaling results, we obtain y, =0.7385 +0.0080 and
yp=1.898 £0.003. Thus we find &, =—0.708 +0.030, By =0.138(+40.006, —0.005), yp=2.432
+0.035, 8,=18.6 £0.6, v, =1.354 £0.015, and 2 — 7, =1.796 £0.006. The site-percolation
threshold is found for the square lattice at p, =0.5931 £0.0006. We note that our calculated
value of v, is in considerably better agreement with the proposal of Klein et al. that

v,=In \3/1n (%) ==1.3548, than with den Nijs’ recent conjecture, which predicts v
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However, our results cannot entirely rule out the latter possibility.

I. INTRODUCTION

The recently much-studied percolation problem,
which deals with the cluster properties of a system, is
a mathematical problem of great interest in itself.!
However, it is also a model of much utility in
describing many physical situations, ranging from di-
lute magnets, ? cluster properties of the Ising model,?
conduction in random systems,* and polymer gela-
tion,> to fluid flow through porous materials.® For
general reviews of some of these problems, and for
further references, see Refs. 7 and 8.

In the "pure" percolation problem, the elements
(usually taken to be sites or bonds on a lattice) are
placed entirely at random. Although this is a model
of a noninteracting system, it is intriguing that it
nevertheless exhibits critical behavior. The singulari-
ties in the percolation problem occur in the properties
of the physical clusters, rather than in quantities re-
lated to the thermodynamic properties, such as the
net fraction of sites that are occupied. This latter
quantity, the magnetization, might also have a singu-
larity in an interacting system—though as a function
of the thermodynamic variables. The study of a criti-
cal phenomena has most commonly concerned itself
with such thermodynamic quantities. However, the
critical point that occurs in pure percolation is re-
markably similar to critical points in interacting sys-
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tems. In fact, particular limits of interacting systems
(describable by Hamiltonians) reduce to. pure percola-
tion (which is entirely statistical, and has no Hamil-
tonian).

In particular, the s —1 limit® of the s-state Potts
model' corresponds to pure bond percolation. This

- fact provided the initial bridge between conventional

critical phenomena and percolation. The vast arsenal
of theoretical tools available for studying cooperative
phenomena was soon employed to study this limit.
In particular, the renormalization group'! was applied
to the Potts Hamiltonian both in momentum space
by € expansion from d =6 dimensions'>!? and in real
space.'>!* However, a Hamiltonian is not necessary
for studying percolation. The existence of a diverg-
ing length scale is sufficient to motivate the use of
the renormalization group. Young and Stinch-
combe!’ showed how a decimation procedure ap-
plied directly on the bond occupation probabilities—in
which a set of vertices is summed over, leading to re-
normalized bond probabilities on a rescaled lattice—is
equivalent to summing out degrees of freedom in the
Potts partition function. Furthermore, Kirkpatrick!®
used Migdal recursion relations!” directly on the pro-
babilities, again for the bond problem.

The present authors were able to treat both site and
bond percolation using a Niemeijer—van Leeuwen-
type cluster approach directly on the occupation pro-
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babilities.'® We chose a renormalization transforma-
tion which reflects the fact that the order parameter
in percolation is the fraction of occupied sites in a
percolated (infinite) cluster, rather than the net
number of sites occupied. The transformation embo-
dies the "connectivity rule": a block "spin" is taken to
be occupied if the "spins" of which it consists form a
spanning cluster. This reflects the fact that the singu-
larities occur in the cluster properties. A majority-
rule transformation, such as is used for the Ising
model, has a symmetry which picks out singularities
in the magnetization. We showed that the procedure
of block renormalization is exact in one dimension
(d=1), though in higher dimensions approximations
are necessary. Results for small cells on various lat-
tices were encouraging. In the same paper we also
showed how a ghost site®!° could be introduced to
directly rescale a field probabililty. In that way we
were able to calculate the field scaling power as well
as the "thermal" (occupation probability) scaling
power for d =1. Previous work!>!® with direct re-
scaling of the probabilities had only dealt with the
thermal scaling power. :

Subsequently, Marland and Stinchcombe? per-
formed a direct rescaling of the field in d=1,2 by a
decimation transformation. An inherent flaw in their
procedure (decimation implies y,=d or n=2—d)
was subsequently circumvented by Marland by use of
a variational technique.?! Also, Yuge? has calculated
the thermal exponents (though not the field ex-
ponents) for various d =2 cells on a number of lat-
tices, using a block formulation similar to our original
one. Kunz and Payandeh? have also used this type
of block transformation to calculate both thermal and
field scaling powers for small cells in d =2, 3. Tsallis
and Schwachheim?* have defined several alternative
transformations for the occupation probability, and
catagorized the types of "rules" for percolating. Fur-
ther work with direct rescaling?®~2® has included the
conductivity problem, ¢ site-bond percolation,?’ and
calculation of cluster numbers.?® Also, we introduced
the use of very large cells for percolation and report-
ed preliminary results for site percolation.?’ Here our
discussion goes into greater depth, and we treat ex-
tensions of that early work. The large-cell method
has also recently been followed by Kirkpatrick® and
Magalhdes et al.* for bond percolation.

We begin in Sec. II with some preliminaries on
position-space renormalization group (PSRG) for per-
colation. Then, in Sec. III we give examples of calcu-
lations with small cells. We discuss why we expect
improvement in our results with increasing cell size.
In order to proceed with large-cell calculations, the
definitions and properties of our rescaling transfor-
mations are given in Sec. IV. All these renormaliza-
tion rules embody the physics of percolation via con-
nectivity. We then show how we calculate the
closed-form and Monte Carlo recursion relations us-

ing these connectivity weight functions. In Sec. V we
present the results obtained by applying these con-
nectivity weight functions to cells of size up to
250000 sites. In this way we obtain sequences for
the values of the percolation threshold p, and for the
scaling powers y, and y, from which all the critical
exponents may be obtained. We also show how ex-
trapolation of these sequences to the limit of infinite
cell size leads to quite accurate numerical results.

For our connectivity weight functions, we find that
these numerical results are in fact "rule independent”.
How rapidly we converge to this limit, however, does
depend upon the rule chosen. We also discuss con-
nections with finite-size scaling. In Sec. VI we dis-
cuss our results. In particular, our calculation of y,
may be considered a test of the recent conjecture of
den Nijs, 3! which connects the s-state Potts model to
the eight-vertex model. We find that den Nijs’ value
for s =1 (percolation) does not agree as well with our
results as the value of y, proposed by Klein et al.,*
though den Nijs’ result cannot be entirely ruled out
by our calculations. Appendix A presents the
closed-form PSRG calculation of the d =1 percola-
tion problem with further-neighbor bonds. We
derive the recursion relations for arbitrary rescaling
length b, and show that in the limit # — o we obtain
the exact results known for this model.>

II. POSITION-SPACE RENORMALIZATION
GROUP FOR PERCOLATION

In the Niemeijer—van Leeuwen approach to the
position-space renormalization group, !! one starts by
partitioning a lattice into cells which both cover the
lattice and which—if viewed from a perspective in
which these cells are renormalized sites—form a lat-
tice which has precisely the same symmetry as the
original. One thing has changed, however, and that
is the length scale. Measured in terms of the new
lattice constant, all distances are smaller by a factor
of b=N"4 where Nis the number of sites in a cell,
and d is the dimension of the space. If on the renor-
malized lattice the functions of interest are to main-
tain the original singularity structure, these functions
must have the same form as before (assuming we
keep the same number of arguments). These argu-
ments (the "coupling constants") must now be at new
renormalized values, however, to compensate for the
change in length scale.

To illustrate the above, consider £,, the analog of
the correlation length in thermal critical phenomena.
In percolation this is the connectedness length, which
is a measure of a typical linear cluster dimension—
the rms cluster diameter for example. On the renor-
malized lattice £, is smaller by a factor of b, and thus
we are further from criticality (at which point &,
diverges). This is reflected, for example, in the site
occupation probability p, which is renormalized to a


































































