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The Berlin-Kac spherical model (or “spherical approximation to the Ising model”)

JeSM =1 P Mifisy Wlth
(i)

N
z Mj2=N,

=1

is found to be equivalent to the »— o limit of the Hamiltonian

JW=—J Z §,».8;0,

(1)

where S;® are isotropically interacting »-dimensional classical spins.

I. INTRODUCTION

HE Berlin-Kac spherical model® has received con-

siderable attention, particularly because it is
exactly soluble,? and because its solution has led to
various ideas concerning the ‘“‘mathematical mecha-
nism” of phase transitions.? The spherical model (SM)
Hamiltonian is

N
JeM=—37 D vimin, (1a)

i1
where the energy of two parallel spins on sites® z and j is
—Jviuipu; and the “spins” u; are continuous variables
subject only to the constraint

N
2 up=N. (1b)
=1
Consider now the Hamiltonian®
N
e =—1j Z 2:;9:;%+8;0); (2a)

1,5=1

where S;¥=[01(4), 02(7), *++, 0,(7)] are v-dimen-
sional vectors of magnitude »'/2. Thus the single con-
straint of the spherical model is replaced by a set of NV
constraints

VZ U'nz(j) =v,

n=1

j=1,2,-++, N. (2b)

* Operated with support from the U.S. Air Force.

1 Present address.

1 For an interesting account of the background of the spherical
model, first proposed by M. Kac in 1947, see M. Kac, Phys.
Today 17, 40 (1964).

2 The exact solution for n.n. interactions is provided by T. H.
Berlin and M. Kac, Phys. Rev. 86, 821 (1952), hereafter referred
to as BK.

3 See, e.g., M. Kac and C. J. Thompson, Proc. Nat. Acad. Sci.
55, 676 (1966).

4 The customarily considered “n.n. model” chooses v;;=1 if
sites ¢ and j are nearest neighbors and v;; =0 otherwise.

5 H. E. Stanley, Phys. Rev. Letters 20, 589 (1968).
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Although it is perhaps not generally appreciated, it
seems clear that 3@ reduces to the S=7% Ising, classical
planar, and classical Heisenberg models for »=1, 2,
and 3, respectively.

Here we argue that in the limit »— o, the free
energy of 3¢® approaches that of the spherical model.
This result is of particular current interest (besides
the geometrical interpretation it attaches to the
spherical model) because of recent evidence® that
various ‘‘critical properties” of JC® are monotonic
functions of ». Hence the critical properties of the
fairly realistic but hopelessly insoluble Heisenberg
model (three-dimensional spins) would appear to be
bounded on one side by those of the Ising model (one-
dimensional spins) and on the other by those of the
spherical model (infinite-dimensional spins). Moreover,
the spherical model has in the past been interpreted as a
soluble approximation to the Ising model, whereas in
fact the spherical model would appear to be a much
better approximation to the more ‘‘realistic’’ Heisen-
berg model.

II. EQUIVALENCE OF FREE ENERGIES

The normalized partition function corresponding to
3™ is
Ov® (K) =Zy"(K)/Zx®(0), 3

where
Zy®(K) = /_w /_m do1(1)daz(1)
X+« odo,(1)do1(2) doz(2) « + +doy (N)

x T 56~ 3 ed(i)] oK 2w 3 onl@on()]

=1
(4)
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and K=J/2kT. The N constraints are then represented
as

N v af N N __lg- ico .
a6~ S o(0= 115 [ as

—i0

X exp{ Ki,[»— };anz(m (5)

and we obtain

Zn®(K) = (;K__)Nj; /_:dal(l)---da,(N)

21

X‘/m .../wdtl--'leeXp(VKth)

—40 —i00 7

XITexp{—K 3 [hs—v5Jon(@an()}. (6)

n=1

We next interchange the order of the do,(7) and di;
integrations following the method used by BK? in
connection with their Eq. (C3).® The do,.(7) integra-
tions then factorize, with the result

K\V [etio atic
Zy®(K) = (_.> / f dby - -diy

2w
Xexp(K 2 ) [I(K, {t:) 7T, (7)

where
I(K, {tj})Ef_m ~--f_°;da,,(1)---da,,(zv)
Xexp[—K 2 (t3i—vii)on(D)on(5) ] (8)

The evaluation of the integral in Eq. (8) is straight-
forward, and we find

I(K, {t;}) = («/K)VELA({t;}) T2, )

where A({Z;}) is the determinant of the quadratic form
Z‘j (40:—vij)ou(2)0n (7). On substituting Eq. (9)
into Eq. (7), we finally obtain

K\V wWN/2 fotico atico
Zy®(K)= <___) (.I) f e f dtye - - dty

2 K a—ic0 a—i0

XCXPEVF(K, {ti}):l:
F(K, (t})=K 2 ti—3 nA({1;}).

i

(10)
(11)

with

6 To apply the BK “trick” to Eq. (6), we set
N »

1=exp[K 2 bir— 2 02(7))]
i=1 n=

which is true for any values of the numbers b; because of the
constraints (5). We choose b;=a[ j=1,2,¢++,N], where « is a
sufficiently large positive real number that the quadratic form
2.-;[(t;+a)6.~5—v.-j5¢,.(i)a,, (4) is positive definite. Finally, Eq. (7)
is obtained by the change of integration variable #;—¢;+a.

SPHERICAL MODEL AS LIMIT OF

SPIN DIMENSIONALITY 719

The requirement that F(K, {#;}) be stationary leads
to the set of conditions

K=3((3/0t)[InA({2}) Dy (12)

Proceeding in the customary fashion,” we obtain the
expression

l1=1,2,--+, N.

K=3N" 3 [N(K, 8) T, (13)
q
with
)‘Q(K, ta) =ta_‘{)q (14-)
and
Jq=N"1 Z vj exp[igq- (ri—1;) . (15)
ij

For a [d]-dimensional “hypercubical” (linear chain,
square, simple cubic, +++) lattice with nonzero inter-
actions only between spins on nearest-neighbor (n.n.)
sites,* Eq. (13) becomes

2K=([t,—2 i coswn [),

m=L1

(16)
where the brackets indicate the “average”

@llanDy=r [ o [ donsdoug({on))- (1)
0 0

The analogous expression determining the spherical
model stationary point z, is [cf. BK, Eq. (C23)]

4K = (z— zd: CoSwn 1), (18)

thus t,=2z,.

Next expand F(K, {t;}) about the stationary points
N
22 (

{ts})
F(K, {t;})=F(K, {ts})+“1, - G?ZaFi ),
X (tm—ta) (tn—ts) F 2.

(19)

7 That the stationary values of all the variables #; are identical
is explained by E. Helfand and J. S. Langer, Phys. Rev. 160, 437
(1967). These authors treated critical correlations (for T=~=T,)
in the Ising model and were thereby led to consider Eq. (10) for
the case v=1. They remarked that the integrand of Eq. (10) for
the Ising model is stationary at {#} (as indeed it is for all values
of »), but in their Eq. (2.14) they imply that the spherical-model
partition function is given, “except for some simple normalization
terms,” by the value of the integrand evaluated at #,. We note
that there appears to be no way of obtaining suitable “normali-
zation terms” such that the right-hand side of their Eq. (2.14)
equals the left-hand side. One might imagine that they are
referring to a normalization term such as Zy® (0) as given by
Eq. (23) of the present paper; however for the Ising model,
Zx®(0) =1. [Incidentally, it is in fact Eq. (23) when evaluated
not for »=1 but rather in the limit »—  which provides precisely
the required normalization for our y—o result, Eq. (27).]
Helfand and Langer were, to the best of our knowledge, the first
to apply saddle-point methods to integrals such as Eq. (10). Such
integrals arose (in their work as well as in ours) from the idea of
expressing the Ising model partition function not as a sum but
rather as an integral, an idea first exploited (we believe) by
E. W. Montroll and T. H. Berlin, Commun. Pure Appl. Math.
4, 23 (1951).
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We then factor vF (K, {t}) out of the integrand, calling
the remaining integral

K N roatico a+ico
R= (—) f f diye - +diy
271'1 a—io a—1ic

1 X [ &F
X exp [2“!”,,,,‘::;1 (atmat,,)t,(t’"_t“) (t"_t“H"']' (20)

Thus, from Eq. (10),
InZy® (K) =N In(r/K)+vF (K, {t.})+InR. (21)
From Eq. (3), the limiting free energy (= is related
to Zy® (K) by
—BY@= lim (wN)In[Zy®(K)/Zxy®(0)], (22)

v,N>co

where 8= (k7)™ and
Zy®(0)=[(m)"*/yT () IV, (23)

as is easily seen by the above methods. On using
Stirling’s asymptotic expansion of the I' function in
Eq. (23) and then substituting Egs. (21) and (23)
into Eq. (22), we have

— Y =—%—3 2K+ (1/N)F(K, {4})
+ lim (»N)~ InR.

»,N->
The last term on the right-hand side of Eq. (24) can be
shown to be zero.8 Now, F(K, {t;}) = NKt,—3 InA({t})
from Eq. (11), and

InA({t;}) =In2V+In | 348:—$vq

(24)

=N In2+Nfa(z), (25)
where f,= 2z, and
d
fa(z)=(In[z— 2 cosom]), (26)
m=1
exactly as in BK, Eq. (C12). We finally obtain
—p=—}—} K+ 2Kn—Hfa(ar),  (27)

which is precisely BK, Eq. (C11).
III. DISCUSSION

The above argument (that the free energy of a
system of isotropically-interacting »-dimensional
classical spins approaches, in the limit »— o, the free
energy calculated by Berlin and Kac for the spherical
model) is supported by various other evidence, among
which we mention the following:

(a) For all lattices the first 10 terms of the high-
temperature expansions of the susceptibility and free
energy of 3¢® agree, on taking the limit »— o, with
those calculated for the spherical model.5 Thus, if the
last term on the right-hand side of Eq. (24) were not

8 R. N. Lewis, in Asymptotic Solutions of Differential Equations
and Their Applications, edited by C. H. Wilcox (John Wiley &
Sons, Inc., New York, 1964), p. 53 [also obtainable on request

from the Courant Institute of Mathematical Sciences, New York
University as NYU Research Report No. EM-197) (unpublished) J.
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zero, for example, its leading term in 1/7 would have
to be of order (1/7)! or smaller.

(b) For the [1]-dimensional linear-chain lattice we
can solve exactly for the free energy ¢ for arbitrary
» without needing to consider an N-fold integration. We
find

—By®=(1/v) In[ (oK) *"T (3) Lp1(2K) ],

where I,(x) are the modified Bessel functions of the
first kind. Thus, on taking the limit y— «,° we obtain

——61[/(“’)= ~%+%(1+ 16K2) 1/2
—1mi[14 (14+16K2) V2], (29)

which is the same result as obtained by BK, Eq.
(C18). The fact that yS™ is explicitly and rigorously
given by lim,, ® for a [1]-dimensional lattice of

(28)
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Fi1c. 1. Model of a linear chain of N p-dimensional classical
spins interacting isotropically with oneanother via the Hamiltonian
3. Each oval with j at the top and # at the bottom represents
the nth Cartesian component a,(j) (n=1, 2,<+») of the jth
spin S;® (j=1,2,--+,N). The ovals interact with their (hori-
zontal) “nearest neighbors via the exchange parameter J (shown
by heavy solid lines) ; they also “interact” with their (vertical)
mates via the constraints 6(v— Zna’s,%(7)) (as indicated by the
thin-lined rectangles). If we now assume that there is also an
interaction between the scalar spins o, (V) and onu(l) (as
indicated by the heavy dashed lines), then we obtain, in the
limit »— o, an N-spherical model whose thermodynamic func-
tions (according to Ref. 11) are identical with those of the or-
dinary BK spherical model.

9 The relevant asymptotic expansion for modified Bessel
functions of the first kind when both the argument and the order
approach infinity is developed in G. N. Watson, T/eory of Bessel
Funciions (Cambridge University Press, London, 1958), Chap. 8.









