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From (C8) and (C9) we find that the coefficients of the
elliptical integrals all vanish at T, which renders con-
tinuity in the internal energy at the critical point. To
investigate the nature of the singularity of the specific
heat, we note that the asymptotic expression for the
energy as I’ — T, % is

E— M(y2)K(k),
where M (y,3) is regular in T and vanishes identically

at T.. The specific heat then takes the following asymp-
totic expression:

M d
C— —K(E)+M—K().
dT aT

The second term on the right-hand side is finite at T..
Therefore, the singular behavior of C is due entirely
to the first term. It can be shown that dM /dT is regular
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at T.. It follows that the singularity of the specific heat
arises from that of the elliptical integral K and is
logarithmic, as is understood for the usual Ising model.

Note added in manuscript. (1). Professor C. Domb has
kindly called our attention to an earlier paper [C.
Domb and R. B. Potts, Proc. Roy. Soc. A210, 125
(1951)], in which some of the results of Sec. II have
been discussed from the point of view of the method of
transfer matrix. Their approximation for the equivalent
neighbor model yields e26=%(/10—1)=0.72076 for
the transition temperature as compared to the value
0.68946 of the present paper and the presumably exact
Padé value 0.6837.

(2). We also received a preprint by N. W. Dalton
and D. W. Wood in which the Padé analysis of Ising
model with higher neighbor interactions of Ref. 8
is extended to include the low-temperature expansions
as well as models with noneauivalent higher neighbors.
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The isotropic Hamiltonian 3¢ = —J3°;_,/¥~1§;-S;4, is considered for an open linear chain of N y-dimen-
sional vector spinsS;; 3¢ reduces to the S =} Ising, planar, and Heisenberg models for v=1, 2, and 3. The
thermodynamic properties (including the susceptibility) of 3¢ are found for ferromagnetic (/>0) and
antiferromagnetic (J <0) exchange interactions for all temperatures T and all spin dimensionalities ». The
manner in which the various properties depend upon 7" and » is studied; in particular we find (a) that al-
though the chain of spins does not display long-range order except at 7=0 for any value of », most of the
properties vary monotonically with » (in such a way that, e.g., the degree of ‘“short-range order” decreases
with increasing »); and (b) that as the spin dimensionality increases without limit, all of the calculated
properties approach precisely those predicted by the Berlin-Kac spherical model.

I. INTRODUCTION

HERE exist comparatively few nontrivial statis-
tical mechanical models which have been solved
exactly in more than one dimension.! One motivation

* A different derivation of the partition function is presented in
H. E. Stanley, Proceedings of the 1968 IUPAP Conference on
Statistical Mechanics, Kyoto, J. Phys. Soc. Japan (to be
published).

t Operated with support from the U. S. Air Force.

t Present address: Physics Department, University of Cali-
fornia, Berkeley, California.

! Two notable examples are the two-dimensional Ising model
in zero field [L. Onsager, Phys. Rev. 65, 117 (1944)7] and, more
recently, the various two-dimensional “ferroelectric”’ models [see,
e.g., E. H. Lieb, 1968 Boulder Lectures in Theoretical Physics
(to be published)]. For a comprehensive introduction to exactly
soluble models of interacting particles in one-dimension, see E. H.
Lieb and D. C. Mattis, Mathematical Physics in One Dimension
(Academic Press Inc., New York, 1966).

for considering exactly soluble one-dimensional models
is that their solutions may possibly aid in judging
the validity of approximation techniques which are
used in three dimensions.? A second motivation is that
results discovered for one-dimensional models are some-
times generalizable to higher dimensionalities. Finally,
a one-dimensional model may serve as a reasonable
approximation to some special physical system. For
example, there exist materials in which the magnetic
ions may be considered to form “linear chains” so that
interactions between spins within the chains are ap-

?For example, many approximation schemes (such as ex-
trapolation from high-temperature expansions) have been
tested on the Ising model for one-dimensional and two-dimen-
sional lattices.
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preciably stronger than interactions between spins be-
longing to different chains.?

In this paper we consider a system of isotropically
interacting classical spins of arbitrary dimensionality
situated on a one-dimensional (linear chain) lattice.
Our Hamiltonian,* then, is

N—-1
x=—J ¥ §;-Sj1,

=1

(1a)

where S; is a v-dimensional classical spin (or “vector’’)
of magnitude A2 and localized on site j. Thus if
[o1(§), a2(5),- - -, 0u(5)] are the Cartesian coordinates of
S;, we require that

Z' a2()=X\;

n=1

(j=12,---,N). (1b)

Here —J\ is the energy of a pair of nearest-neighbor
spins®; thus at T=0 all nearest-neighbor pairs of spins
are parallel if J is positive, and antiparallel if J is nega-
tive. The Hamiltonian 3¢® reduces to the S=7 Ising
model,® classical planar model,” and classical Heisen-
berg model,? respectively for »=1, 2, and 3.°

3 Hence the intrachain interactions may be treated exactly,
and the interchain interactions approximated, say, by a molecular
field. Such a treatment was first carried out for Ising (v=1) inter-
actions by H. Sato [J. Phys. Chem. Solids 19, 54 (1961)], A. H.
Cooke, D. T. Edmonds, C. B. P. Finn, B. R. Heap, and W. P.
Wolf [in Proceedings of the Seventh International Conference on Low
Temperature Physics, 1960, edited by G. M. Graham and A. C.
Hollis (University of Toronto Press, Toronto, 1960), p. 107],
and J. W. Stout and R. C. Chisholm [J. Chem. Phys. 36, 979
(1962)], and for Heisenberg (»=3) interactions by H. E. Stanley
and T. A. Kaplan [J. Appl. Phys. 38, 975 (1967)]. We have
generalized this idea to all » [H. E. Stanley (to be published)].

4 This Hamiltonian was first considered for general lattices by
H. E. Stanley [Phys. Rev. Letters 20, 589 (1968)] in an attempt
to ascertain by high-temperature approximations the dependence
of critical properties upon dimensionality of spins.

5 Note that in Ref. 4 the energy of a pair of nearest-neighbor
spins was —2Jv; thus the J of this paper is called 2J in Ref. 4,
and the parameter N of this paper was chosen for convenience to
be v in Ref. 4. We shall leave the parameter X unspecified for all
the expressions which we shall derive, but when we actually plot
the various functions we shall take A= in order to facilitate study
of the dependence upon spin dimensionality. We can equally well
choose A=1 (spins of unit length), in which case we must ‘“‘re-
normalize”’ the exchange integral J — Jo/» in order to take the
v —o0 limit. Then the Hamiltonian

N-1
%W=—J T §S;u
=1

(where the spins are of length »!/2) becomes identically

N-1 N-1
XO=—Jw 1 T S;-Sju=—Jo T 8;-sip,

=1 =1

where the spins s;=»"1/2§; are of unit length and the free energy
is given by Eq. (14) with A=1 and x — x,=Jo/kT=Jy/kT. Thus
%o 1s of order » and we again use the same asymptotic expansion
for Bessel functions with large argument as well as large order.

8 There exists a small class of magnetic materials whose spin
interactions are well described by the Ising model; such materials
(e.g., DAG, dysprosium aluminum garnet) have been studied
extensively by W. P. Wolf and co-workers [see D. C. Mattis
and W. P. Wolf, Phys. Rev. Letters 16, 899 (1966) and references
contained therein; also W. P. Wolf (to be published)]. The S=3%
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Here we obtain exact expressions, valid for arbitrary
v, for the free energy, entropy, specific heat, internal
energy, and susceptibility for the system described by
(1). Although we shall see that the linear chain of »-
dimensional spins does not display infinite-range (or
even long-range) order at any temperature except T=0,
we shall comment upon two fairly striking features of
our solution: (a) At high (and also at low) temperatures,
most of the various thermodynamic functions calcu-
lated vary monotonically with spin dimensionality ».
(b) As v increases without limit, the free energy and
susceptibility approach those obtained for the Berlin-
Kac spherical model,*

1

N—
IHSM=—J 3 uiktjs1,
i1

where the spins u; are continuous variables subject only
to the single constraint

N
2 pui?=N.

=1

In Sec. II we derive the partition function Qx®,
from which follow the free energy, entropy, specific
heat, and internal energy. These thermodynamic quan-
tities are each plotted as functions of 7" and 1/7 for
representative values of ». In Sec. III we obtain the
susceptibility from the two-spin correlation function,
and display the antiferromagnetic case graphically.

Ising model has also come to serve as a practical model for a
binary alloy and a classical “lattice gas.”

7 The classical planar model has recently received attention as a
fairly crude lattice model for the transition in a Bose fluid. See,
e.g.,, V. G. Vaks and A. I. Larkin, Zh. Eksperim i Teor. Fiz. 49,
975 (1965) [English transl.: Soviet Phys.—JETP 22, 678 (1966) ];
R. J. Bowers and G. S. Joyce, Phys. Rev. Letters 19, 630 (1967);
H. E. Stanley, ibid. 20, 150 (1968). The planar spin model (v=2)
is not to be confused with the (quantitatively similar but qualita-
tively different) XY model (a “Heisenberg model”’

== ¥ 5 TaG)Sal)Sul)

a=1 1j

with Jy=J; and J3=0), which has been invoked in connection
with certain magnetic insulators [such as Gd:(SOs)s: 8H,0]—
see, e.g., D. D. Betts and M. H. Lee [Phys. Rev. Letters 20, 1507
(1968) J; R. F. Wielinga, J. Lubbers, and W. J. Huiskamp [Physica
37, 375 (1967)] and references contained therein.

8 The classical Heisenberg model was first considered in detail
by G. Heller and H. A. Kramers [Proc. Roy. Acad. Sci. Amster-
dam 37, 378 (1934)]. The fact that for many materials with §>4,
the classical (§— ) limit is a good approximation for 7> 7,
was realized independently by H. E. Stanley and T. A. Kaplan
[Phys. Rev. Letters 16, 981 (1966)]; G. S. Joyce and R. G.
Bowers [Proc. Phys. Soc. (London) 88, 1053 (1966)]; and P. J.
Wood and G. S. Rushbrooke [Phys. Rev. Letters 17, 307
(1966)].

®In the case of the one-dimensional (linear-chain) lattice, 3¢
has been solved exactly for »=1 by E. Ising [Z. Physik. 31, 253
(1925)] and for »=3 by M. E. Fisher [Am. J. Phys. 32, 343
(1964) ], and by T. Nakamura [J. Phys. Soc. Japan 7, 264 (1952)7.
We wish to thank Professor S. Katsura and Professor T. Oguchi
for calling this (generally overlooked) work of Nakamura to our
attention. The case of a closed chain (or ring) with » =2 was treated
by G. S. Joyce [Phys. Rev. 155, 478 (1967)].

10T, H. Berlin and M. Kac, Phys. Rev. 86, 821 (1952).





















