
Test 2: Are there time Correlations? 
((economists knew these results, qualitatively, as volatility 

clustering....so calculate autocorrelation function and get a “law”))

• Returns are UN-correlated after 4 min
• Absolute value of returns (volatility)
  is long range correlated, so returns
  CAN NOT BE serially independent.

Volatility
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BY EYE:   What do these data tell us?  

Returns non-Gaussian (known qualitatively, but under-appreciated!)

Large events cluster (like earthquakes) (also known qualitatively)

“Aftershocks” Omori-correlated (Palermo 03;  BU 07)

“Aftershocks of each aftershock” also Omori-correlated:   (BU) 
07)

power l                                                                             law volatility correlations

Q: can your eye see the power law? that it is inverse cubic?
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Bachelier 1900 Market  “model”  :
UN-CORRELATED DRUNK

FOR d=2 DIMENSIONS:
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INVENTED IN ANAGNI 
ITALY (1104 Church 

Floor)

BUT
discovered in 1984 
by a 5-year old girl 
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Tile your Kitchen floor economically....saving tiles
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Q:  How to QUANTIFY???

d=3:     You remove a BABY 
tetrahedron from middle of 

the Great Pyramid
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Measuring the length of a coastline
Length = N(L) * L

N(50) = 12 N(25) = 26
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Fractals Everywhere

• Spatial structure: tree, lung, coral, etc
• Symbolic sequence: DNA, computer code, etc
• Temporal dynamics: weather temperature, music, 

volatility of stock price, etc
• Feature: lack of characteristic spatial and temporal 

scale

Thursday, January 29, 15



Random Walk
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The characteristic scale describing the distribution is 
its “width”
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dimension d=1 dimension d=2
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THE SOLUTION OF THE FUNCTIONAL EQUATION (5.19) IS A 
POWER LAW..........................................CONVERSELY THE POWER 

LAW (5.18) OBEYS THE FUNCTIONAL EQUATION (5.19)

THE CONNECTION BETWEEN A POWER LAW AND A
 FUNCTIONAL EQUATION IS CALLED SCALING SYMMETRY...
A  VERY BASIC SYMMETRY IN MANY BRANCHES OF PHYSICS 

& ECONOMICS.

NOTE: FUNCTIONAL EQUATIONS CONSTRAIN FUNCTIONAL 
FORM

ALGEBRAIC EQUATIONS CONSTRAIN NUMBERS
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Fractal dimension of the unbiased random walk
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BIG BIG PARADOX:        
CONTINUOUS OR DISCONTINUOS?????             
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26Application:  Quasi-2-dimensional magnets
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Text

Functional Equations & Scaling for > 1 variables
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“DATA COLLAPSE” FROM 2d TO 1d
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“DATA COLLAPSE” FROM 2d TO 1d

Thursday, January 29, 15



30

Thursday, January 29, 15



31

Take Home Message: The Self-
Avoiding Constraint irrelevant above d=4
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