
New J. Phys. 19 (2017) 073037 https://doi.org/10.1088/1367-2630/aa7b09

PAPER

Spreading of localized attacks in spatial multiplex networks

DanaVaknin1 ,MichaelMDanziger and ShlomoHavlin
Bar-IlanUniversity, RamatGan, Israel
1 Author towhomany correspondence should be addressed.

E-mail: dana9494@gmail.com

Keywords: complex systems, spatialmultiplex networks, percolation theory, phase transitions

Supplementarymaterial for this article is available online

Abstract
Many real-worldmultilayer systems such as critical infrastructure are interdependent and embedded
in spacewith links of a characteristic length. They are also vulnerable to localized attacks or failures,
such as terrorist attacks or natural catastrophes, which affect all nodes within a given radius. Herewe
study the effects of localized attacks on spatialmultiplex networks of two layers.Wefind ametastable
regionwhere a localized attack larger than a critical size induces a nucleation transition as a cascade of
failures spreads throughout the system, leading to its collapse.We develop a theory to predict the
critical attack size andfind that it exhibits novel scaling behavior.We further find that localized attacks
in thesemultiplex systems can induce a previously unobserved combination of random and spatial
cascades. Our results demonstrate important vulnerabilities in real-world interdependent networks
and shownew theoretical features of spatial networks.

1. Introduction

The important subject of vulnerability of complex systems has garneredmuch interest formany years.Most
infrastructure is embedded in space, for example the power grid and sewer networks, and thus, severalmodels
have been proposed for understanding the vulnerability of spatially embedded networks [1–9]. In addition, in
recent years, world-wide human, technological, social and economic systems have becomemore andmore
integrated and interdependent, affecting infrastructure robustness [10–13] as well as information spreading [14]
and other socioeconomic processes [15–17]. Therefore, it is necessary to realisticallymodel these systems as
interdependent in order to understand their structure, function and vulnerabilities [18–28]. Interdependent
networks contain layers of networks with two types of links—connectivity links between the nodes in the same
layer and dependency links between nodes in different layers. Studies on spatially embedded interdependent
networks found that inmany cases they are significantlymore vulnerable than non-embedded systems [25,
29–36].

Thoughmost research on resilience of complex systems considers random failures, inmany cases, nodes fail
in localized areas, due to natural catastrophes, terrorist attack or other failures. Recent studies show that
localized attacks on some systems are significantlymore damaging [37–46].

Here, we study localized attacks on a realistic spatialmultiplexmodel that has been proposed recently
[47, 48]. The system is amodel ofmultiplexwith exponential link-length distribution of connectivity links in
each of the two layers:
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Here ζ is a parameter determining the characteristic link length and thereby the strength of the embedding—a
smaller ζ reflects a stronger embedding. Networks with links of characteristic length ζ appear in reality, for
example, the European power grid and the inter station local railway lines in Japan [47, 49–51].We further
assume that the nodes require connectivity in each layer in order to function, a requirementwhich is equivalent
to having dependency links of length zerowith longer connectivity links. This is in contrast to the research based
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on themodel of Li et al [31] andBerezin et al [39]which considered the casewhere dependency links are longer
than connectivity links.We suggest that the assumption of dependency linkswhich are shorter than connectivity
links ismore natural, because, for example, it ismore likely for a communication’s station to receive power from
its nearest power station than a distant one, though the communications and power networks are known to have
potentially long links [47, 52].

Aswe showhere, the combination of spatially constrained connectivity links andmultiplex dependency—
both ubiquitous features of real complex systems—makes these systems vulnerable to potentially catastrophic
localized attacks. Such attacks are important and realistic because they can represent a local damage on two
spatial networks that depend on one another to function in a very natural way: the nodes are either the same, or
every node in one network layer depend on a close node in the other.

Wefind that for a broad range of parameters our system ismetastable,meaning that a localized attack larger
than a critical size—that is independent of the system size—induces a cascade of failures which propagates
through thewhole system leading to its collapse.We develop a theorywhich can predict this critical size of the
initial local damage, and can explain the unique cascading process thatmakes the critical size independent of the
system size.Wefind that when the localized attack is of the critical size—the cascade is atfirst randomwithin a
disc of radius of order ζ, and then it propagate spatially until it reaches the boundaries of the system.Using this
theorywe also find a new scaling exponent describing the critical nucleation (of damage) size.

2.Model

Wemodel themultiplex composed of two layers inwhich the nodes are placed at lattice sites of a square lattice
where the link lengths r are distributedwith probability of equation (1) and average degree á ñk (see figure 1).
Here, we focus on the case inwhich both layers have the same characteristic length ζ and same á ñk . In practice,
we assign each node an (x, y) coordinate with integers Î ¼[ )x y L, 0, 1, , and construct the links in each layer as
follows: (a)we randomly select a source node ( )x y,s s and draw an angleα selected uniformly at random. (b)We
draw a length r selected from the distribution P(r), equation (1). (c)We select the target node ( )x y,t t , which is
closest to satisfying, a a= +( ) ( ) ( · · )x y x y r r, , cos , sint t s s . This process is executed independently in each

layer and is continued until we have a total of á ñN k

2
links. The topologicalmodel is similar to theWaxmanmodel

[53] and recent work by Bianconi andHalu et al [24, 54]with a key difference being that ourmodel converges to
a lattice as z 0.

For a node to remain functional itmust be connected to the giant component in both layers. This reflects the
assumption that in order for the node to continue to function it requires the two types of connectivity. Next, we
perform a localized attack as follows: (a)we remove all nodes within a distance rh from a random location in the
system. (b) From the set of the remaining nodes, we remove all the nodes that are not in the giant component of
thefirst layer. (c)We repeat step (b) in the second layer. (b) and (c) are repeated until there are no nodes to
remove, andwe are left with themutual giant component (MGC) [18, 19, 55, 56].

Figure 1.Demonstration of a spatially embeddedmultiplex network after localized attack of radius rh. The nodes are regular locations
in two-dimensional lattice while the links in each layer (purple and orange) have lengths that are exponentially distributed
(equation (1))with characteristic length z = 3 and are connected at random.
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At the end of this cascade, the system is categorized as functional or non-functional depending onwhether
theMGC is of the order of the system size L2 or not.

3. Results

Weanalyzed the damage spreading of the localized attack on themultiplexwith different á ñk , ζ and rh. Our
simulations suggest the existence of rh

c , aminimum radius of damage needed to cause the system to collapse.
Below rh

c the damage remains localizedwhile for a radius above rh
c the damage propagates indefinitely and

destroys thewholemultiplex.Whenwe calculate the critical attack size rh
c for different á ñk and ζ, we discover

three regions, as shown in the phase diagram infigure 2. The regions are: (a) stable (in red)—in this region the
system remains functional after a localized attack of anyfinite size. (b)Unstable (in blue)—in this region the
system is non-functional even if no nodes are removed. (c)Metastable (between the above-mentioned regions)
—in this region only attacks with radius larger than rh

c propagate, through cascading failures, the entire system
andmakes it non-functional.

To understand these phenomenawe consider the network as being composed of regions of size of order ζ
that are tiled on a 2D lattice, each of which can be approximated as a randomnetwork. The localized attack of
size rh can then be approximated as a randomattack of size prh

2 in an interdependent randomnetworkwith z~ 2

nodes. In this case, the percolation threshold for random removals is known to be =
á ñ

pc
k

k
c , where »k 2.4554c

[18]. It has also been shown that localized attacks (formed by shells surrounding a root node) in Erdős–Rényi
multiplex networks have the same percolation threshold as random attacks [40, 41].

Based on this, we can predict the critical attack size rh
c close to kc as follows:
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where a is the constant of proportionality for the effective randomnetwork (radius) size, whichwe determine
numerically. This rh

c is theminimal expected size of the hole that destroys the entire randomnetwork regime
( za ). However, since there are links between the tiled Erdős–Rényi sub-networks, the collapse propagates toward
the surrounding sub-networks andwe see a typical spreading cascade in an embedded network.

For the limit of ζ of the order of L, themultiplex can bewell approximated as two interdependent Erdős–
Rényi networks, and therefore we can calculate rh

c as follows:

p
@ -

á ñ
( ) ( )r

L

k

k
1 , 4h

c
c

2

2

Figure 2.Phase diagramof the critical attack size rh
c . Dependence of the critical attack size rh

c on the average degree á ñk and the
characteristic length ζ. The color bar in the right represent the size of rh

c . In thisfigure L=1500, averaged over five runs for each data
point.
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fromwhich,
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We show that equations (2) and (4)predict the simulation results infigure 3(a)with »a 9. Because of the
long links and since the sub-networks are not isolated—a is relatively big. In supplementary section II is available
online at stacks.iop.org/NJP/19/073037/mmediawe can see similar phenomenon on a systemwith average
degree á ñk with links that connected slightly different. In this alternativemodel we choose a node randomly and
link it to another nodewith link-length distribution of step function up to ζ, for each of the two layers. In this
case, there are no long links (but the small Erdős–Rényi networks are still not isolated) so a is found to be smaller
than in ourmodel (approximately 3.2).

Formultiplex networks, near criticality, ¥P (the size of theMGC) fulfill the scaling ~ á ñ - b
¥ ( )P k kc (in

lattice for example b = 5 36 see e.g. [57]). In ourmodel, in analogy to ¥P , wefind theoretically (equations (3)
and (5)) that rhc scales as á ñ -( )k kc

1
2 , suggesting that 1

2
is a critical exponent for rh

c . Indeed the simulations shown
infigures 3(b) and (c) support this exponent. Generally, it is difficult tofind evidence for universality in the
absence of a second-order transition. This new scaling, related to nucleation type processes,may provide an
alternative approachwhich can be useful to understand universality properties in critical phenomena associated
with afirst-order transitionwhere nucleation processes are involved [58, 59].

We alsofind a newdynamical process of cascadingwhen the localized attack is near the critical size, that is
consistent with our theory. To understand this process for a given á ñk and ζ, we follow the standard cascade
process until theMGC reaches a steady state. At this time (whichwe call ta), we remove a holewith radius rh

c

which initiates a new cascade. Figure 4(a) shows thewhole spatial-temporal process of cascading and figures 4(b)
and (c)demonstrate the different types of number of iterations (NOI) in the two regimes as described below. The
graph infigure 5(a), of á ñr , the average distance from the center of the nodes that failed in every iteration, reveals
explicitly the threemain stages of thewhole process shown infigure 4(a): (i) before the localized attack (until the
dashed line at ta), there are a few steps where the cascade describes the removal of nodes that are not in theMGC,

Figure 3.The critical attack size rh
c—simulations and theory. (a) rhc as a function of ζ for four á ñk values. The dotted lines represent the

theory for small and large ζ as obtained from equations (2) and (4) respectively. (b) z( )rlog h
c and (c) ( )rlog h

c as a function of
á ñ -( )k klog c for small and large ζ values, with the 1

2
exponent (dotted line), predicted by the theory (see equations (3) and (5)). For

this figure L=2000with averages over at leastfive runs for each data point.

Figure 4.Dynamic evolution of cascading failures near the critical point. Propagation of a local damagewith radius slightly above the
critical size rh

c . The colors represent the number of iterations (NOI) until the nodes fail. (a)Thewhole propagation, (b) the branching
process, (c) the spatial spreading process. In (b) and (c)we show a ruler in ζ units (9ζ) for demonstrating the orders ofmagnitude. For
this figure L=4000, z = 50, á ñ =k 2.5 and rh=69.
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so á ñr is close to the average distance from the center to all nodes (∼1500). (ii)Randombranching process
[60, 61] in limited annulus around the hole (demonstrated infigure 4(b)) so á ñr isfixed formany iterations at
distance z» ·a

2
. (iii) Spatial spreading process that propagates thewhole system (demonstrated infigure 4(c)),

so á ñr increases linearly as a function ofNOI. Indeedwe can see the effect of the three above processes in
figure 5(b)—the size of theMGC, ¥P , atfirst decreases sharply, then, after the attack in ta, it decreases very slowly
in a plateau, and then parabolically as a function ofNOI. The transition fromphase (ii) to (iii) can be discerned
by identifying a transition in á ñr from constant to linear increase (figure 5(a)), or from a transition in ¥P from
approximately constant to parabolically decreasing (figures 5(b) and (c)). Additionally, the processes are also
described in supplementary section I in the discussion about the branching factor.

Infigure 5, we see that the cascade begins random-like, with no spatial influencewithin the neighborhood of
the failure and a randombranching process with expected branching factor of»1, as established for
interdependent randomnetworks [28, 60, 62]. However, this random-like behavior is constrained to the
neighborhood of radius za . Once the damage spreads beyond this neighborhood, it expands linearly in space,
with a constant rate and a parabolic decrease in ¥P , as documented for spatially embedded interdependent
networks [31, 32, 35]. A similar coexistence of randomand spatial properties, differentiated by scale, has been
observed in the single-layer case [48, 63].

In the spreading process we can see the cascading dynamics both in the simulations for á ñ( )r t and in the

simulations for ¶
¶
¥( )P t

t
infigure 5(c). The connection between them is expressed in the equations below so that t

expresses theNOI and v, that sets the speed of the cascading, is z~0.6 ,

Figure 5.Analysis of the cascading failures near the critical point. (a)The average distance from the center, á ñr , of the nodes that fail at
every iteration, with a linearfit for the spatial spreading phase, andwith a dashed line at = tNOI a. (b)The size of theMGC, ¥P , as a
function ofNOI. (c)The derivative of ¥P with comparison in the spatial spreading process to equation (8). For thisfigure L=4000,
z = 50, á ñ =k 2.5 and rh=69, the same runs asfigure 4. The relation between ζ and the velocity is determined by the average degree
á ñk as shown in supplementaryfigure 3.
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Understanding the dynamical process of cascading can explainwhy in themetastable region, when the size
of the network crosses the size of our approximated randomnetwork (around point z»L a2 infigure 6), there
is no correlation between the critical attack size rh

c and the system size. This is because once the network is large
enough for a damage spreading process to take place, the holewill spread until the damage reaches the edges of
the system, regardless of its size.

4.Discussion

Wehave presented a study of interdependent spatial networks with a novel and realistic combination of spatially
localized damage and connectivity linkswhich are longer than the dependency links. This combination is
ubiquitous in nature, and yet has not been studiedmethodically, to our knowledge.Wefind that a nucleation
phenomenon can be triggered by local damage, with failures spreading through the entire system. The cascade
itself has randombehavior on a small scale but spatial behavior on a large scale, similar towhat has been
observed in the single-layer case [48, 63].We further find that the critical nucleation size has novel scaling
features. Future researchwill determinewhether this indicates a general, universal feature of nucleation
transitions.

Acknowledgments

The authors acknowledge the Israel Science Foundation, IsraelMinistry of Science andTechnology (MOST)
with the ItalyMinistry of Foreign Affairs,MOSTwith the Japan Science andTechnology Agency, ONR and
DTRA forfinancial support.MMD thanks the Azrieli Foundation for the award of anAzrieli Fellowship grant.

ORCID

DanaVaknin https://orcid.org/0000-0002-4722-9844
MichaelMDanziger https://orcid.org/0000-0002-2674-0109
ShlomoHavlin https://orcid.org/0000-0002-9974-5920

References

[1] DoarMand Leslie I 1993Howbad is naivemulticast routing? INFOCOM’93 Proc. 12thAnnual Joint Conf. of the IEEEComputer and
Communications Societies. Networking: Foundation for the Future (Piscataway,NJ: IEEE) pp 82–9

[2] Wei L and EstrinD 1994Proc. Int. Conf. Computer Communications andNetworks (ICCCN) pp 17–24
[3] Zegura EW,Calvert K L andDonahooM J 1997A quantitative comparison of graph-basedmodels for internet topology IEEE/ACM

Trans. Netw. 5 770–83
[4] WattsD J and Strogatz SH1998Collective dynamics of ‘small-world’ networksNature 393 440–2

Figure 6.Dependence of the critical attack size rh
c on the system size L.We see that above a certain value of L the critical attack size rh

c is
constant. For thisfigure á ñ =k 2.5, with 5 runs for each data point.

6

New J. Phys. 19 (2017) 073037 DVaknin et al

https://orcid.org/0000-0002-4722-9844
https://orcid.org/0000-0002-4722-9844
https://orcid.org/0000-0002-4722-9844
https://orcid.org/0000-0002-4722-9844
https://orcid.org/0000-0002-2674-0109
https://orcid.org/0000-0002-2674-0109
https://orcid.org/0000-0002-2674-0109
https://orcid.org/0000-0002-2674-0109
https://orcid.org/0000-0002-9974-5920
https://orcid.org/0000-0002-9974-5920
https://orcid.org/0000-0002-9974-5920
https://orcid.org/0000-0002-9974-5920
https://doi.org/10.1109/INFCOM.1993.253246
https://doi.org/10.1109/INFCOM.1993.253246
https://doi.org/10.1109/INFCOM.1993.253246
https://doi.org/10.1109/90.650138
https://doi.org/10.1109/90.650138
https://doi.org/10.1109/90.650138
https://doi.org/10.1038/30918
https://doi.org/10.1038/30918
https://doi.org/10.1038/30918


[5] PenroseM2003RandomGeometric Graphs vol 5 (Oxford:OxfordUniversity Press)
[6] Kleinberg J 2000The small-world phenomenon: an algorithmic perspective Proc. 32ndAnnual ACMSymp. on Theory of Computing

(NewYork: ACM) pp 163–70
[7] Kosmidis K,Havlin S andBundeA 2008 Structural properties of spatially embedded networks Europhys. Lett. 82 48005
[8] LiD et al 2011Dimension of spatially embedded networksNat. Phys. 7 481–4
[9] McAndrewTC,DanforthCMandBagrow J P 2015Robustness of spatialmicronetworks Phys. Rev.E 91 042813
[10] Peerenboom J and Fischer R 2007Analyzing Cross-Sector Interdependecies 40th AnnualHawaii Int. Conf. System SciencesHICSS p 112
[11] Rinaldi S, Peerenboom J andKelly T 2001 Identifying, understanding, and analyzing critical infrastructure interdependencies IEEE

Control Syst. 21 11–25
[12] RosatoV et al 2008Modelling interdependent infrastructures using interacting dynamicalmodels Int. J. Crit. Infrastruct. 4 63
[13] Bookstaber R andKenett DY 2016 Looking deeper, seeingmore: amultilayermap of thefinancial systemOFRBrief 16 6
[14] HuY,Havlin S andMakseHA2014Conditions for viral influence spreading throughmultiplex correlated social networksPhys. Rev.X

4 021031
[15] LiW et al 2014Ranking the economic importance of countries and industries arXiv:1408.0443
[16] Brummitt CD andKobayashi T 2015Cascades inmultiplex financial networkswith debts of different seniority Phys. Rev.E 91 062813
[17] Majdandzic A et al 2016Multiple tipping points and optimal repairing in interacting networksNat. Commun. 7 10850
[18] Buldyrev SV et al 2010Catastrophic cascade of failures in interdependent networksNature 464 1025–8
[19] Gao J et al 2012Networks formed from interdependent networksNat. Phys. 8 40–8
[20] Gao J et al 2011Robustness of a network of networksPhys. Rev. Lett. 107 195701
[21] BaxterG J et al 2012Avalanche collapse of interdependent networksPhys. Rev. Lett. 109 248701
[22] KiveläM et al 2014Multilayer networks J. ComplexNetw. 2 203–71
[23] DeDomenicoM et al 2013Mathematical formulation ofmultilayer networksPhys. Rev.X 3 041022
[24] BianconiG 2013 Statisticalmechanics ofmultiplex networks: entropy and overlap Phys. Rev.E 87 062806
[25] Boccaletti S et al 2014The structure and dynamics ofmultilayer networksPhys. Rep. 544 1–122
[26] Gao J, LiD andHavlin S 2014 From a single network to a network of networksNatl Sci. Rev. 1 346–56
[27] CaiW et al 2015Avalanche outbreaks emerging in cooper-ativecontagionsNat. Phys. 11 936–40
[28] DanzigerMM et al 2016Vulnerability of interdependent networks and networks of networks InterconnectedNetworks edAGaras

(Cham: Springer) pp 79–99
[29] BarthélémyM2011 Spatial networks Phys. Rep. 499 1–101
[30] BashanA et al 2013The extreme vulnerability of interdependent spatially embedded networksNat. Phys. 9 667–72
[31] LiW et al 2012Cascading failures in interdependent lattice networks: the critical role of the length of dependency links Phys. Rev. Lett.

108 228702
[32] DanzigerMM et al 2014 Percolation and cascade dynamics of spatial networkswith partial dependency J. ComplexNetw. 2 460–74
[33] Shekhtman LM et al 2014Robustness of a network formed of spatially embedded networks Phys. Rev.E 90 012809
[34] Asztalos A et al 2014Cascading failures in spatially-embedded randomnetworksPLoSOne 9 e84563
[35] DanzigerMM, BashanA andHavlin S 2015 Interdependent resistor networks with process-based dependencyNew J. Phys. 17 043046
[36] LeeK-M,Min B andGohK-I 2015Towards real-world complexity: an introduction tomultiplex networksEur. Phys. J.B 88
[37] Neumayer S et al 2008Assessing the impact of geographically correlated network failuresMilitary Communications Conf. 2008

MILCOM (Piscataway,NJ: IEEE) pp 1–6
[38] Agarwal PK et al 2011The resilience ofWDMnetworks to probabilistic geographical failures 2011 Proc. IEEE INFOCOM pp 1521–9
[39] Berezin Y et al 2015 Localized attacks on spatially embedded networks with dependencies Sci. Rep. 5 8934
[40] Shao S et al 2015 Percolation of localized attack on complex networksNew J. Phys. 17 023049
[41] YuanX et al 2015Howbreadth of degree distribution influences network robustness: comparing localized and randomattacks Phys.

Rev.E 92 032122
[42] YuanX et al 2016 k-core percolation on complex networks: comparing random, localized, and targeted attacks Phys. Rev.E 93 062302
[43] YanK et al 2016AFramework for Analyzing Vulnerability of Critical Infrastructures Under Localized Attacks (Singapore: Springer)

pp 94–103
[44] HuF et al 2016Recovery of infrastructure networks after localised attacks Sci. Rep. 6 24522
[45] WuB, TangA andWu J 2016Modeling cascading failures in interdependent infrastructures under terrorist attacksReliab. Eng. Syst.

Saf. 147 1–8
[46] OuyangM2016Critical location identification and vulnerability analysis of interdependent infrastructure systems under spatially

localized attacksReliab. Eng. Syst. Saf. 154 106–16
[47] DanzigerMM et al 2016The effect of spatiality onmultiplex networksEurophys. Lett. 115 36002
[48] Gross B et al 2017Multi-Universality and Localized Attacks in Spatially EmbeddedNetworks Proc. Asia-Pacific Econophysics Conf. 2016

(Tokyo: Japan Physics Society) (https://doi.org/10.7566/JPSCP.16.011002)
[49] ZhouQandBialek J 2005Approximatemodel of european interconnected system as a benchmark system to study effects of cross-

border trades IEEETrans. Power Syst. 20 782–8
[50] Hines P et al 2010The topological and electrical structure of power grids 43rdHawaii Int. Conf. on System Sciences (HICSS) (Piscataway,

NJ: IEEE) pp 1–10
[51] 2012National Land InformationDivision,National Spatial Planning andRegional Policy Bureau,MILTof Japan.National railway

data. http://nlftp.mlit.go.jp/ksj/gml/datalist/KsjTmplt-N02.html
[52] Soltan S andZussmanG2016Generation of synthetic spatially embedded power grid networks Power and Energy Society GeneralMeeting

(PESGM) (Boston,MA, 17–21 July 2016) (https://doi.org/10.1109/PESGM.2016.7741383)
[53] WaxmanB1988Routing ofmultipoint connections IEEE J. Sel. Areas Commun. 6 1617–22
[54] HaluA,Mukherjee S andBianconiG 2014 Emergence of overlap in ensembles of spatialmultiplexes and statisticalmechanics of spatial

interacting network ensemblesPhys. Rev.E 89 012806
[55] BianconiG,Dorogovtsev SN andMendes J F F 2015Mutually connected component of networks of networkswith replica nodes Phys.

Rev.E 91 012804
[56] Cellai D,Dorogovtsev SN andBianconiG 2016Message passing theory for percolationmodels onmultiplex networkswith link

overlapPhys. Rev.E 94 032301
[57] Berezin Y, BashanA andHavlin S 2013Comment on percolation transitions are not always sharpened bymaking networks

interdependent Phys. Rev. Lett. 111 189601

7

New J. Phys. 19 (2017) 073037 DVaknin et al

https://doi.org/10.1145/335305.335325
https://doi.org/10.1145/335305.335325
https://doi.org/10.1145/335305.335325
https://doi.org/10.1209/0295-5075/82/48005
https://doi.org/10.1038/nphys1932
https://doi.org/10.1038/nphys1932
https://doi.org/10.1038/nphys1932
https://doi.org/10.1103/PhysRevE.91.042813
https://doi.org/10.1109/HICSS.2007.78
https://doi.org/10.1109/37.969131
https://doi.org/10.1109/37.969131
https://doi.org/10.1109/37.969131
https://doi.org/10.1504/IJCIS.2008.016092
https://doi.org/10.1103/PhysRevX.4.021031
http://arxiv.org/abs/1408.0443
https://doi.org/10.1103/PhysRevE.91.062813
https://doi.org/10.1038/ncomms10850
https://doi.org/10.1038/nature08932
https://doi.org/10.1038/nature08932
https://doi.org/10.1038/nature08932
https://doi.org/10.1038/nphys2180
https://doi.org/10.1038/nphys2180
https://doi.org/10.1038/nphys2180
https://doi.org/10.1103/PhysRevLett.107.195701
https://doi.org/10.1103/PhysRevLett.109.248701
https://doi.org/10.1093/comnet/cnu016
https://doi.org/10.1093/comnet/cnu016
https://doi.org/10.1093/comnet/cnu016
https://doi.org/10.1103/PhysRevX.3.041022
https://doi.org/10.1103/PhysRevE.87.062806
https://doi.org/10.1016/j.physrep.2014.07.001
https://doi.org/10.1016/j.physrep.2014.07.001
https://doi.org/10.1016/j.physrep.2014.07.001
https://doi.org/10.1093/nsr/nwu020
https://doi.org/10.1093/nsr/nwu020
https://doi.org/10.1093/nsr/nwu020
https://doi.org/10.1038/nphys3457
https://doi.org/10.1038/nphys3457
https://doi.org/10.1038/nphys3457
https://doi.org/10.1007/978-3-319-23947-7_5
https://doi.org/10.1007/978-3-319-23947-7_5
https://doi.org/10.1007/978-3-319-23947-7_5
https://doi.org/10.1016/j.physrep.2010.11.002
https://doi.org/10.1016/j.physrep.2010.11.002
https://doi.org/10.1016/j.physrep.2010.11.002
https://doi.org/10.1038/nphys2727
https://doi.org/10.1038/nphys2727
https://doi.org/10.1038/nphys2727
https://doi.org/10.1103/PhysRevLett.108.228702
https://doi.org/10.1093/comnet/cnu020
https://doi.org/10.1093/comnet/cnu020
https://doi.org/10.1093/comnet/cnu020
https://doi.org/10.1103/PhysRevE.90.012809
https://doi.org/10.1371/journal.pone.0084563
https://doi.org/10.1088/1367-2630/17/4/043046
https://doi.org/10.1140/epjb/e2015-50742-1
https://doi.org/10.1109/MILCOM.2008.4753111
https://doi.org/10.1109/MILCOM.2008.4753111
https://doi.org/10.1109/MILCOM.2008.4753111
https://doi.org/10.1109/TNET.2012.2232111
https://doi.org/10.1109/TNET.2012.2232111
https://doi.org/10.1109/TNET.2012.2232111
https://doi.org/10.1038/srep08934
https://doi.org/10.1088/1367-2630/17/2/023049
https://doi.org/10.1103/PhysRevE.92.032122
https://doi.org/10.1103/PhysRevE.93.062302
https://doi.org/10.1007/978-981-10-2857-1_8
https://doi.org/10.1007/978-981-10-2857-1_8
https://doi.org/10.1007/978-981-10-2857-1_8
https://doi.org/10.1038/srep24522
https://doi.org/10.1016/j.ress.2015.10.019
https://doi.org/10.1016/j.ress.2015.10.019
https://doi.org/10.1016/j.ress.2015.10.019
https://doi.org/10.1016/j.ress.2016.05.007
https://doi.org/10.1016/j.ress.2016.05.007
https://doi.org/10.1016/j.ress.2016.05.007
https://doi.org/10.1209/0295-5075/115/36002
https://doi.org/10.7566/JPSCP.16.011002
https://doi.org/10.1109/TPWRS.2005.846178
https://doi.org/10.1109/TPWRS.2005.846178
https://doi.org/10.1109/TPWRS.2005.846178
https://doi.org/10.1109/HICSS.2010.398
https://doi.org/10.1109/HICSS.2010.398
https://doi.org/10.1109/HICSS.2010.398
http://nlftp.mlit.go.jp/ksj/gml/datalist/KsjTmplt-N02.html
https://doi.org/10.1109/PESGM.2016.7741383
https://doi.org/10.1109/49.12889
https://doi.org/10.1109/49.12889
https://doi.org/10.1109/49.12889
https://doi.org/10.1103/PhysRevE.89.012806
https://doi.org/10.1103/PhysRevE.91.012804
https://doi.org/10.1103/PhysRevE.94.032301
https://doi.org/10.1103/PhysRevLett.111.189601


[58] McGrawR and LaaksonenA 1996 Scaling properties of the critical nucleus in classical andmolecular-based theories of vapor–liquid
nucleationPhys. Rev. Lett. 76 2754–7

[59] Talanquer V 1997Anewphenomenological approach to gas–liquid nucleation based on the scaling properties of the critical nucleus
J. Chem. Phys. 106 9957–60

[60] ZhouD et al 2014 Simultaneous first- and second-order percolation transitions in interdependent networks Phys. Rev.E 90 012803
[61] LeeD et al 2016Hybrid phase transition into an absorbing state: percolation and avalanchesPhys. Rev.E 93 042109
[62] Shekhtman LM,DanzigerMMandHavlin S 2016Recent advances on failure and recovery in networks of networksChaos Solitons

Fractals 90 28–36
[63] Gross B et al 2017 Bi-universality characterizes a realistic spatial networkmodel arXiv:1704.00268

8

New J. Phys. 19 (2017) 073037 DVaknin et al

https://doi.org/10.1103/PhysRevLett.76.2754
https://doi.org/10.1103/PhysRevLett.76.2754
https://doi.org/10.1103/PhysRevLett.76.2754
https://doi.org/10.1063/1.473884
https://doi.org/10.1063/1.473884
https://doi.org/10.1063/1.473884
https://doi.org/10.1103/PhysRevE.90.012803
https://doi.org/10.1103/PhysRevE.93.042109
https://doi.org/10.1016/j.chaos.2016.02.002
https://doi.org/10.1016/j.chaos.2016.02.002
https://doi.org/10.1016/j.chaos.2016.02.002
http://arxiv.org/abs/1704.00268

	1. Introduction
	2. Model
	3. Results
	4. Discussion
	Acknowledgments
	References

